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Abstract—Fusing a hyperspectral image (HSI) and a mul-
tispectral image (MSI) to generate a super-resolution image
(SRI) with refined spatial and spectral resolution is a popular
technique in hyperspectral super-resolution (HSR). Most HSR
methods accomplish this task by matrix or tensor decomposition
in the framework of linear unmixing. Although these methods
are effective to some extent, serious challenges remain. In this
work, the linear unmixing is extended to nonlinear unmixing
framework and a novel HSR method based on a generalized
bilinear unmixing model in tensor format is proposed. Apart
from the linear part, it additionally considers bilinear interactions
between endmembers. A low-rank prior is incorporated into
the abundance maps and nonlinear interaction abundance maps,
which can adequately model non-local similarities in images. In
addition, the total variance is used to explore the local spatial
relationships of the image. The optimization is implemented
using the alternating direction method of multipliers (ADMM)
algorithm with analytical expressions for each iterative update
step, which is difficult to implement even for algorithms that
focus on nonlinear unmixing. The proposed method overcomes
the inherent linear limitations of the linear unmixing framework
and avoids the information loss caused by matrixing the HSI and
MSI with 3D-structure. The experimental results of simulations
on real hyperspectral datasets demonstrate the superiority of the
proposed approach over the compared HSR methods.

Keywords—Image fusion, hyperspectral super-resolution, non-
linear unmixing, tensor decomposition, regularization.

I. INTRODUCTION

Hyperspectral image (HSI) contains rich spectral informa-

tion that facilitates the discrimination of different materials

in a scene, and is therefore widely applied in various fields

[1]. However, the spatial resolution of HSI is usually low,

limited by the trade-off of imaging spectrometer. Such inherent

limitation poses a challenge to effectively accomplish various

tasks such as vegetation classification and target detection

problems. Therefore, improving the spatial resolution of HSI

is imminent and has attracted increasing attention. In many

situations, it is unfeasible to improve the spatial resolution by

upgrading the hardware facilities of the imaging spectrome-

ter, so the use of post-processing techniques to obtain high

spatial resolution HSI is favored [2]. On the other hand, a
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multispectral image (MSI) generated by a multispectral sensor

has high spatial resolution but coarse spectral resolution. In

order to capture the advantages of both HSI and MSI, a series

of hyperspectral super-resolution (HSR) methods have been

proposed. The HSR methods aim to fuse information from

HSI, which has high spectral resolution but insufficient spatial

resolution, and MSI, which exhibits high spatial resolution but

coarse spectral resolution, to produce a super-resolution image

(SRI) with high spatial and spectral resolution.

The development of HSR technology can be traced back to

the 1990s. In the early research, many scholars invested a great

deal of effort in fusing hyperspectral and panchromatic images.

This technique is known as hyperspectral pansharpening [3].

Existing pansharpening methods are broadly classified into

three categories, i.e., multi-resolution analysis [4], [5], compo-

nent substitution [6], [7], and machine learning [8], [9]. Since

it can be viewed as a special case of HSR, the pansharpening

method has been widely exploited to address hyperspectral

and multispectral image fusion tasks [10], [11]. However,

these methods struggle to enhance the spatial resolution of

each hyperspectral band due to their rely heavily on spectral

resampling techniques [12].

With the rapid development of matrix decomposition and

its optimization methods, more and more researches apply

them to HSR task. The work on HSR methods based on

matrix decomposition stems from the similar idea that HSI

and MSI can be decomposed into spectral basis multiplied

by some coefficients. Depending on how the spectral basis is

modeled, these methods can be divided into two categories:

sparse representation and low-rank decomposition. The former

treats the spectral basis as an overcomplete dictionary, see,

e.g., [13], [14]. The latter assumes that the spectral signal

can be represented by a low-dimensional subspace, such as

the widely used linear mixture model (LMM) [15], [16]. A

common feature of these methods is the processing of the

matrixed HSI and MSI, which makes them computationally

more affordable.

Despite being computationally simple and to some extent

effective, matrix decomposition based methods face some seri-

ous drawbacks as well. First, the spectral-spectral and spatial-

spectral correlations of HSI and MSI cannot be adequately

taken into account at this stage of the process. To address

this limitation, several recent studies have employed tensor



modeling of the problem. Compared to the HSR methods

based on matrix decomposition [17], [18], [19], the methods

based on tensor representation naturally treat the HSI or MSI

cube as a third-order tensor, which can make full use of its

structural information. More importantly, as mentioned in [20],

there is no theoretical guarantee for the identifiability of HSR

methods based on matrix decomposition. In addition, simple

matrix factorization models such as LMM not sufficient to

accurately portray real scenes. The LMM is established under

the strong assumption that photons interact with only one

material before reaching the sensor. Therefore, in order to be

more applicable to real scenes, some nonlinear mixing models

such as bilinear mixing model (BMM) and high-order mixing

model that consider multiple or infinite reflections between

photons have been proposed [21], [22], [23], [24], [25].

This work is organized as follows. In Section II, we present

the definitions and models required for the later sections. Sec-

tion III introduces an HSR method utilizing coupled nonneg-

ative tensor decomposition within the framework of nonlinear

unmixing. Section IV provides numerical experiments, and

Section V gives conclusions.

II. PRELIMINARIES

A. Notations and Definitions

In this subsection, we introduce in detail the notations and

definitions used in this work. A scalar, a vector, a matrix,

and a tensor are denoted as x, x, X, and X , respectively. Xi,j

and Xi,j,k represent (i, j)-th, and (i, j, k)-th element of X and

X respectively. Some basic operations and definitions about

tensor are given as follows.

Definition 1 (Tensor Mode): The dimension of a tensor is

named mode. For example, T ∈ R
I1×I2×···×IN has N modes.

Definition 2 (Slices): A slice is a two-dimensional section

of a third-order tensor. The subarrays obtained by fixing one

mode are called slices. The horizontal, lateral and frontal slices

of the third-order tensor T are denoted by Ti,:,:, T:,i,: and T:,:,i
respectively.

Definition 3 (Mode-n Product): The mode-n product of a

tensor T ∈ R
I1×I2×···×In×···×IN with a matrix X ∈ R

Jn×In

is a tensor I ∈ R
I1×I2×···×In−1×Jn×In+1×···×IN , denoted by

I = T ×n X. (1)

From an elemental perspective, we have

Ii1,...,in−1,jn,in+1,...,iN =

In
∑

in=1

Ti1,...,iNXjn,in . (2)

B. Nonlinear Spectral Model

The BMM is one of the most popular category of nonlinear

mixed models. It extends the LMM by introducing an ad-

ditional bilinear term to represent second-order interactions

between different endmembers. This model overcomes the

inherent linear limitations of LMM and captures the main

relationships between endmembers. Under the BMM, a pixel

x ∈ R
L with L bands can be represented as

x = Eα+

R−1
∑

i=1

R
∑

j=i+1

βijei ⊙ ej + n, (3)

where, E = [e1, . . . , eR] ∈ R
L×R, α = [α1, . . . , αR] ∈ R

R

and βij ∈ R denote the matrix consisting of R endmembers,

the abundance vector, and the weighting coefficient between

the i-th and j-th endmembers, respectively, n ∈ R
L denotes

the additive noise, and the symbol ⊙ represents the Hadamard

product [24].

The generalized bilinear model (GBM), as one of the most

representative models of BMM, is proposed to meet some

physical assumptions. This model will be introduced in the

following in terms of both matrix and tensor representations

1) GBM under matrix representation: The GBM is viewed

as a generalized form of the LMM, which sets the nonlinear

coefficient βij = γijαiαj and satisfies the abundance non-

negativity constraint (ANC) and the abundance sum-to-one

constraint (ASC) as follows

0 < γij < 1, ∀ i < j, (4)

γij = 0, ∀ i ≥ j, (5)

αi ≥ 0,

R
∑

i=1

αi = 1. (6)

Mathematically, the general matrix expression for the BMM

of an HSI with N pixels can be written as

X = EA+MB+N, (7)

where X ∈ R
L×N , A = [α1, . . . ,αN ] ∈ R

R×N , M =
[e1⊙e2, . . . , e1⊙eR, e2⊙e3, . . . , eR−1⊙eR] ∈ R

L×R(R−1)/2,

B ∈ R
R(R−1)/2×N and N ∈ R

L×N denote the reshaped

SRI matrix, the abundance matrix, the bilinear interaction

endmember matrix, the bilinear abundance matrix and the

noise matrix, respectively.

2) GBM under tensor representation: The GBM under the

matrix representation converts the SRI cube to a matrix, which

undoubtedly loses the inherent internal structural information

of the SRI. A natural idea is to utilize a tensor representation

of the GBM, where the SRI is directly represented by a third-

order tensor. Therefore, the cube X ∈ R
W×H×L can be

equivalently expressed in the following form

X = A×3 E+ B ×3 M+N , (8)

where A ∈ R
W×H×R, B ∈ R

W×H×R(R−1)/2 and N ∈
R

W×H×L denote the abundance cube, bilinear abundance

cube and noise cube, respectively.

To facilitate the utilization of the prior structural informa-

tion on abundance by adding regular terms, we equivalently

represent model (8) in the following form

X =

R
∑

i=1

A:,:,i ◦ ei +

R(R−1)/2
∑

j=1

B:,:,j ◦mj +N , (9)
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Fig. 1: GBM under tensor representation.

where A:,:,i ∈ R
W×H , B:,:,j ∈ R

W×H and mj ∈ R
R

denote the i-th abundance map, the j-th interaction abundance

map, and j-th interaction endmember vector, respectively. And

the symbol ◦ denotes the outer product. As illustrated in

Fig. 1, model (9) divides the SRI into a linear part and a

nonlinear interaction part, and each factor has a corresponding

physical interpretation, i.e., endmember spectral features and

abundances. Such a form of decomposition allows us to

incorporate prior information into the image processing task

to improve performance.

III. PROBLEM FORMULATION AND METHOD

In order to reconstruct SRI from HSI and MSI, we design

an HSR method, named NU-NTF, by combining non-negative

tensor decomposition techniques within a nonlinear unmixing

framework. In this section, we introduce the proposed method

and its optimization in detail.

A. Problem Formulation

Let X ∈ R
W×H×L denote the SRI with W × H pixels

and L bands. Assume that the HSI and MSI are downsam-

pled/degraded from an SRI, denoted as Y ∈ R
w×h×L and

Z ∈ R
W×H×l respectively. Note that the SRI has the same

spectral resolution as the HSI, the same spatial resolution as

the MSI, and typically has w ≤W , h ≤ H and l ≤ L.

Assuming the there exist two blurring and downsampling

operators, which model the spatial degradation from SRI to

HSI, then the HSI observation model can be written as

Y = X ×1 Dw ×2 Dh +Ny, (10)

where Dw ∈ R
w×W and Dh ∈ R

h×H contain blurring and

downsampling operations for width and height respectively,

Ny is the noise cube.

Further, by considering the spectral degeneracy operator

from SRI to MSI, then the observation model of MSI is

Z = X ×3 C+Nz, (11)

where C models the spectral downsampling and Nz denotes

the observation noise.

Notably, the operators Dw and Dh of the spatial degra-

dation are usually modeled as some kernel functions [20],

which are considered to be related to the modulation transfer

function of the hyperspectral sensor. In addition, the spectral

downsampling operator C can be modeled as a band-selection

and averaging matrix, which generally depends on the relative

spectral responses of the multispectral sensor [26]. All three

operators are assumed to be known.

We wish to fuse HSI and MSI from the observation models

(10) and (11). Thus, the HSR problem can be formulated as

min
X

1

2
∥Y − X ×1 Dw ×2 Dh∥

2
F +

λ

2
∥Z − X ×3 C∥2F ,

(12)

where λ > 0 is the weight adjustment parameter and ∥ · ∥F
denotes the Frobenius norm which returns the square root of

the sum of the squares of all elements.

The use of prior information is often essential to enhance

reconstruction performance in noisy environments. Therefore,

we adopt the above tensor representation of the GBM model

(9) to express the SRI, which facilitates the introduction of

additional prior for constraints. The HSR problem is reformu-

lated to solve the following optimization problem

min
A:,:,i≥0,B:,:,j≥0

ei,i=1,...,R
j=1,...,R(R−1)/2

1

2

∥

∥

∥

∥

∥

Y −

(

R
∑

i=1

A:,:,i ◦ ei

)

×1 Dw ×2 Dh

−

(

R(R−1)/2
∑

j=1

B:,:,j ◦mj

)

×1 Dw ×2 Dh

∥

∥

∥

∥

∥

2

F

+
λ

2

∥

∥

∥

∥

∥

Z −

(

R
∑

i=1

A:,:,i ◦ ei

)

×3 C

−

(

R(R−1)/2
∑

j=1

B:,:,j ◦mj

)

×3 C

∥

∥

∥

∥

∥

2

F

+ ψ(A:,:,i) + φ(B:,:,j)

s.t.

R
∑

i=1

A:,:,i = 1W1T
H , (13)

where, ψ(A:,:,i) and ψ(B:,:,j) are regularization terms for

abundance maps A:,:,i and B:,:,j respectively, and (·)T means

the transpose. The constraint is designed to satisfy the ASC,

and 1n is the n× 1 vector with all entries 1.



Model (13) builds on the nonlinear unmixing of SRI and

accomplishes the HSR task by estimating endmembers and

abundances. Therefore, it is particularly important to utilize

physical prior information to improve the performance of

reconstructed SRI. The endmembers are strongly spatially

dependent, i.e., a particular endmember tends to be spatially

clustered. This characteristic is reflected in the abundance, al-

lowing us to approximate it with a low-rank matrix. Moreover,

it is this feature that gives the abundance maps a strong local

smooth structure in spatial terms. Inspired by these reasons, we

use the nuclear norm to replace the rank constraint and employ

the total variation (TV) to explore the local spatial relations of

the abundance maps. To be specific, the regularization function

of the abundance map is given as

ψ(A:,:,i) = γ1

R
∑

i=1

∥A:,:,i∥∗ + β

R
∑

i=1

∥A:,:,i∥TV, (14)

where, ∥A:,:,i∥∗ =
∑r

k=1 σk(A:,:,i) is the nuclear norm with

r = rank(A:,:,i) and σk(A:,:,i) being the k-th singular value of

A:,:,i, ∥A:,:,i∥TV =
∑

j,k (|aj,k − aj−1,k|+ |aj,k − aj,k−1|)
represents the TV regularization, here aj,k is the (j, k)-th entry

of A:,:,i, and γ1 > 0 and β > 0 are regularization parameters.

For the interaction abundance maps, it has been shown that

they also have a similar low-rank structure [27]. Therefore, we

can use the following regularization function

ψ(B:,:,j) = γ2

R(R−1)/2
∑

j=1

∥B:,:,j∥∗, (15)

where ∥B:,:,j∥∗ denotes the nuclear norm of B:,:,j and γ2 > 0
is the parameter of regularization.

B. Optimization Procedure

The optimization problem (13) can be solved by using

alternating direction method of multipliers (ADMM) method.

By introducing multiple auxiliary variables Ui, vi, Hi, Ai,

Bi (i = 1, . . . , R), Fj , Kj (j = 1, . . . , R(R − 1)/2), J and

Q, the problem (13) is transformed into the following form

min
A,B,E

1

2

∥

∥

∥

∥

∥

Y −
R
∑

i=1

(UiD
T
h ) ◦ ei −

R(R−1)/2
∑

j=1

(FjD
T
h ) ◦mj

∥

∥

∥

∥

∥

2

F

+
λ

2

∥

∥

∥

∥

∥

Z −
R
∑

i=1

A:,:,i ◦ vi −

R(R−1)/2
∑

j=1

B:,:,j ◦ ṽj

∥

∥

∥

∥

∥

2

F

+ γ1

(

R
∑

i=1

∥Hi∥∗

)

+ γ2

(

R(R−1)/2
∑

j=1

∥Kj∥∗

)

+ β∥Bi∥1 + lR+(J ) + lR+(Q)

s.t.

R
∑

i=1

A:,:,i = 1W1T
H ,

DwA:,:,i = Ui, i = 1, . . . , R,

DwB:,:,j = Fj , j = 1, . . . , R(R− 1)/2,

Cei = vi, i = 1, . . . , R,

A:,:,i = Hi, i = 1, . . . , R,

A:,:,i = Ai, i = 1, . . . , R,

D(Ai) = Bi, i = 1, . . . , R,

B:,:,j = Kj , j = 1, . . . , R(R− 1)/2,

A = J ,B = Q, (16)

where ṽj is the j-th column of matrix [v1 ⊙ v2, . . . ,v1 ⊙
vR,v2 ⊙ v3, . . . ,vR−1 ⊙ vR]. D(·) = [Dh(·);Dv(·)] is a

difference operator, Dh(·) and Dv(·) are used to represent

the differentiations in the horizontal and vertical directions,

respectively. The operator lR+(·), for meeting ANC, is defined

as

lR+(J ) =

{

0, J ≥ 0,

+∞, J < 0.
(17)

Denote the objective function of the optimization problem in

(16) as Φ(A,B,E). The Lagrangian function of optimization

problem (16) is given by

L(A:,:,i,B:,:,j , ei,Ui,Fj ,vi,Hi,Kj ,Ai,Bi,J ,Q,Ξ)

= Φ(A,B,E) +
µ

2

(∥

∥

∥

∥

∥

R
∑

i=1

A:,:,i −Q+W

∥

∥

∥

∥

∥

2

F

+

R
∑

i=1

∥DwA:,:,i −Ui +Gi∥
2
F + ∥B −Q+ S∥2F

+

R
∑

i=1

∥Cei − vi + zi∥
2
F +

R
∑

i=1

∥A:,:,i −Hi +Mi∥
2
F

+

R
∑

i=1

∥A:,:,i −Ai + Ji∥
2
F +

R
∑

i=1

∥D(Ai)−Bi + Si∥
2
F

+

R(R−1)/2
∑

j=1

∥B:,:,j −Kj +Tj∥
2
F + ∥A − J + P∥2F

+

R(R−1)/2
∑

j=1

∥DwB:,:,j − Fj +Pj∥
2
F

)

, (18)

where Ξ = (W,Gi, zi,Mi,Ji,Si,Tj ,Pj ,S,P) is the set of

all Lagrange multipliers, Q = 1W1T
H , and µ > 0 denotes

the Lagrangian penalty parameter. Thus, we can optimize the

augmented Lagrangian function (18) for one variable while

fixing the other variables. Specifically, the variables involved

in (18) can be updated following the steps in Algorithm 1.

We describe in detail some of the notations in Algorithm 1.

In Step 2, T = Z −
∑R

j=1,j ̸=i A
k
:,:,j ◦v

k
j −

∑R(R−1)/2
j=1 Bk

:,:,j ◦

ṽk
j , Ā =

∑R
j=1,j ̸=i A

k
:,:,j and vdi is the d-th component of vk

i .

In Step 3, D∗(·) denotes the adjoint operator of D(·), fftn(·)
and ifftn(·) indicate the fast Fourier transform and its inverse

transform, respectively. | · |2 is the element-wise square. In

Step 4, soft(·) represents the soft-thresholding operator [28].



Algorithm 1 NU-NTF Algorithm For HSR.

Input: HSI Y , MSI Z and degraded matrices Dw, Dh, C.

Output: Abundance cube A, nonlinear interaction abun-

dance cube B and endmember matrix E of the reconstructed

SRI.

1: for k = 1 : MaxIter do

2: Ak+1
:,:,i =

(

λ
∑l

d=1 v
2
diIW + 4µIW + µDT

wDw

)−1

×
(

λ
∑l

d=1 T:,:,dvdi + µ(Q− Ā−Wk

+Ak
i − Jk

i +DT
w(U

k
i −Gk

i ) +Hk
i −Mk

i

−Pk
:,:,i + J k

:,:,i)
)

3: Ak+1
i = ifftn

(

D∗(Bk
i − Sk

i ) +Ak+1
:,:,i + Jk

i

1 + |fftn(Dh)|2 + |fftn(Dv)|2

)

4: Bk+1
i = soft

(

D(Ak+1
i ) + Sk

i , β/µ
)

5: Bk+1
:,:,j =

(

λ
∑l

d=1 ṽ
2
djIW + 2µIW + µDT

wDw

)−1

×
(

λ
∑l

d=1 E:,:,dṽdj + µDT
w(F

k
j −Pk

j )

+µ(Qk
:,:,j − Sk

:,:,j +Kk
j −Tk

j )
)

6: J k+1
:,:,i = max(Ak+1

:,:,i + Pk
:,:,i,0)

7: Qk+1
:,:,j = max(Bk+1

:,:,j + Sk
:,:,j ,0)

8: ek+1
i =

(

∑h
d=1 ū

T
d ūdIN + Λ1 + µCTC

)−1

×
(

∑h
d=1 K

T
:,d,:ūd + Λ2 + µCTvk

i − µCTzki

)

9: E = max(E,0)

10: Uk+1
i =

(

∑L
d=1 O:,:,dediDh + µ(DwA

k+1
:,:,i +Gk

i )
)

×
(

∑L
d=1 e

2
diD

T
hDh + µIH

)−1

11: Fk+1
j =

(

∑L
d=1 U:,:,dmdjDh + µ(DwB

k+1
:,:,j +Pk

j )
)

×
(

∑L
d=1m

2
djD

T
hDh + µIH

)−1

12: vk+1
i =

(

λ
∑h

l=1 ā
T
l ālIn + Λ3 + µIn

)−1

×
(

λ
∑h

l=1 M
T
:,l,:āl + Λ4 + µCek+1

i + µzki

)

13: Hk+1
i = US̄ZT

14: Kk+1
j = ŪS̄kZ̄

T

15: Sk+1
i = Sk

i +D(Ak+1
i )−Bk+1

i

16: Jk+1
i = Jk

i +Ak+1
:,:,i −Ak+1

i

17: Pk+1
:,:,i = Pk

:,:,i +Ak+1
:,:,i − J k+1

:,:,i

18: Sk+1
:,:,j = Sk

:,:,j + Bk+1
:,:,j −Qk+1

:,:,j

19: Wk+1 = Wk +
∑R

i=1 A
k+1
:,:,i −Q

20: Gk+1
i = Gk

i +DwA
k+1
:,:,i −Uk+1

i

21: Pk+1
j = Pk

j +DwB
k+1
:,:,j − Fk+1

j

22: zk+1
i = zki +Cek+1

i − vk+1
i

23: Mk+1
i = Mk

i +Ak+1
:,:,i −Hk+1

i

24: Tk+1
j = Tk

j + Bk+1
:,:,j −Kk+1

j

25: k = k + 1

26: end

In Step 5, E = Z −
∑R

i=1 A
k
:,:,i ◦ v

k
i −

∑R(R−1)/2
k=1,,k ̸=j Bk

:,:,j ◦ ṽ
k
j

and ṽdi is the d-th component of ṽk
i . In Step 8,

Λ1 =

h
∑

d=1

R−1
∑

j′=1

(

f̄kdj′
)T

f̄kdj′
(

Diag(ekj′)
)2
, (19)

Λ2 =

h
∑

d=1

R−1
∑

j′=1

Diag
(

ekj′
)

KT
:,d,:f̄

k
dj′ , (20)

where, ūd and f̄dj′ are the d-th column of matrix Uk
dD

T
h

and Fk
j′D

T
h respectively, j′ denotes the R − 1 subscript

indexes except for i, K = Y −
∑R

j=1,j ̸=i(U
k
jD

T
h ) ◦ ekj −

∑(R−2)(R−1)/2
⌝j′=1 (Fk

⌝j′D
T
h ) ◦m

k
⌝j′ , and ⌝j′ denotes R− 2 sub-

scripts apart from j′. In Step 10, O = Y−
∑R

j=1,j ̸=i(U
k
jD

T
h )◦

ek+1
j −

∑R(R−1)/2
j=1 (FjD

T
h ) ◦ mj . In Step 11, U = Y −

∑R
i=1(U

k
iD

T
h ) ◦ ek+1

i −
∑R(R−1)/2

k=1,k ̸=j (FkD
T
h ) ◦ mk. In Step

12,

Λ3 = λ

h
∑

l=1

R−1
∑

j′=1

(

b̄k
lj′
)T

b̄k
lj′
(

Diag(vk
j′)
)2
, (21)

Λ4 = λ

h
∑

l=1

R−1
∑

j′=1

Diag
(

vk
j′
)

MT
:,l,:b̄

k
lj′ , (22)

where, al and b̄lj′ are the l-th column of matrix Ak+1
:,:,i

and Bk+1
:,:,j′ respectively, M = Z −

∑R
j=1,j ̸=i A:,:,i ◦ vi −

∑(R−2)(R−1)/2
⌝j′=1 B:,:,⌝j′ ◦ ṽ⌝j′ , Diag(·) returns the column

vector consisting of the main diagonal elements if the input

variable is a matrix and returns a square matrix with the

elements of the vector on the main diagonal if the input

variable is a vector. In Step 13, [U,S,Z] = SVD(H̄i) with

H̄i = Ak+1
:,:,i + Mk

i , SVD(·) represents the singular value

decomposition and S̄ = Diag (max (Diag(S)− γ1/µ, 0)). In

Step 14, [Ū,Sk, Z̄] = SVD(K̄j) with K̄j = Bk+1
:,:,j +Tk

j , and

S̄k = Diag (max (Diag(Sk)− γ2/µ, 0)).

IV. EXPERIMENTS

In this section, we will demonstrate the performance of

the proposed method through numerical experiments. All

experiments are implemented in Octave on a computer with

AMD Ryzen 7 5800H 3.2Ghz processor.

A. Experimental Settings

To evaluate the performance of the proposed NU-NTF

method, five classical HSR methods, CNMF [17], HySure

[18], FUSE [19], STEREO [20] and SCLL1 [29] are used

for comparison. Among these five methods, CNMF, HySure

and SCLL1 are linear unmixing based HSR methods. The pro-

posed method uses sunsal [28] and sisal [30] to initialize the

endmembers matrix E and the abundance cube A, respectively.

All Lagrange multipliers are initialized with the zero matrix.



1) Evaluation: To assess the reconstruction quality of SRI,

we use several of the intuitive metrics introduced in [12]

and [3]. Specifically, we adopt the reconstruction signal-to-

noise ratio (R-SNR), cross correlation (CC), universal image

quality index (UIQI), structural similarity index (SSIM), rela-

tive dimensional global error (ERGAS), spectral angle mapper

(SAM) and root mean square error (RMSE), whose detailed

definitions are given in [3] and [31]. Higher values of R-SNR,

CC, UIQI and SSIM, as well as lower values of ERGAS, SAM

and RMSE, imply a superior reconstruction accuracy.

2) Degradation Modeling: We complete the semi-real

data experiments under the assumption that the operators

Dw, Dh and C, which degenerate from SRI to HSI and

MSI, are known. To evaluate the performance of the HSR

algorithms, a real hyperspectral image is treated as the

SRI, i.e., the ‘ground-truth’ SRI is known. We follow

Wald’s protocol as usual to generate the simulated HSI

and MSI [32]. In particular, the degradation process from

SRI to HSI is modeled as the simultaneous blurring of

SRI using a 9 × 9 Gaussian kernel and downsampling at

4-pixel intervals along two spatial directions. To simulate

the acquisition of MSI from SRI, we construct the spectral

response matrix C, based on the spectral specifications

of the widely adopted multispectral sensors LANDSAT or

QuickBird, whose parameter specifications can be found

from the websites at ‘https://landsat.gsfc.nasa.gov’ and

‘https://www.satimagingcorp.com/satellite-sensors/quickbird’,

respectively. In this way, the simulated MSI is obtained

by band selection and averaging the SRI over the response

matrix C [20]. In addition, to simulate the real scene, the HSI

and MSI are also added with zero-mean white Gaussian noise

with different signal-to-noise ratios (SNRs). All experimental

results are averaged over 20 Monte-Carlo trials.

B. Semi-Real Data Experiments

In this subsection, two real image datasets (Pavia University

and Salinas datasets), are used to evaluate the reconstruction

performance of the proposed algorithm.

1) Salinas Dataset: This dataset is taken from Salinas

Valley and captured by the 224-band airborne visible/infrared

imaging spectrometer. The raw data excluded 20 absorbing

bands (108–112, 154–167, and 224), leaving 204 bands avail-

able for analysis. It derives from an image with approximately

3.7m spatial resolution, encompassing 512 × 217 pixels. For

this experiment, a subimage with a region size of 80 × 84
is selected, i.e. X ∈ R

80×84×204. Then, Y ∈ R
80×84×6

and Z ∈ R
20×21×204 are generated by previously described

spatial degradation techniques and the LANDSAT spectral

degradation, respectively. In this experiment, the proposed

method sets the number of endmembers to 4 due to the small

selection of subregions, while the compared linear unmixing-

based methods select the optimal one between 4 and 9 as the

number of endmembers.

Tables I–III show the performance of the algorithms for

SNRs in the range of 10–20 dB (hereinafter, the maximum on

each row is bolded and the values in parentheses represent the

TABLE I: Performance for Salinas Data. SNR = 10 dB

Performance
Algorithm

CNMF HySure FUSE STEREO SCLL1 NU-NTF

R-SNR(∞) 14.0300 19.4600 16.3400 18.4800 21.2600 23.100023.100023.1000

CC(1) 0.4619 0.7592 0.5730 0.6933 0.8538 0.90830.90830.9083

UIQI(1) 0.1246 0.3673 0.1907 0.2204 0.3604 0.47700.47700.4770

SSIM(1) 0.5620 0.9115 0.7275 0.7983 0.8890 0.94600.94600.9460

ERGAS(0) 6.1220 1.3640 5.0270 2.8950 0.9138 0.91220.91220.9122

SAM(0) 0.1430 0.0667 0.1300 0.0905 0.0563 0.04840.04840.0484

RMSE(0) 0.0397 0.0213 0.0305 0.0238 0.0173 0.01400.01400.0140

Time(0) 1.8740 10.0700 0.06760.06760.0676 0.2462 6.4280 90.4300

TABLE II: Performance for Salinas Data. SNR = 15 dB

Performance
Algorithm

CNMF HySure FUSE STEREO SCLL1 NU-NTF

R-SNR(∞) 19.1800 20.3300 18.8200 21.5100 24.2500 24.590024.590024.5900

CC(1) 0.7089 0.8270 0.7012 0.8105 0.9130 0.92910.92910.9291

UIQI(1) 0.2789 0.4412 0.2989 0.3437 0.5036 0.55420.55420.5542

SSIM(1) 0.7829 0.9416 0.8692 0.8940 0.9483 0.95230.95230.9523

ERGAS(0) 3.2170 0.8582 2.6300 1.6160 0.7699 0.57410.57410.5741

SAM(0) 0.0815 0.0618 0.0824 0.0604 0.0417 0.04280.04280.0428

RMSE(0) 0.0229 0.0192 0.0229 0.0168 0.0123 0.01180.01180.0118

Time(0) 1.9630 10.2400 0.06380.06380.0638 0.2690 7.3110 164.0700

TABLE III: Performance for Salinas Data. SNR = 20 dB

Performance
Algorithm

CNMF HySure FUSE STEREO SCLL1 NU-NTF

R-SNR(∞) 23.6000 21.4700 19.9500 24.2500 27.020027.020027.0200 26.1900

CC(1) 0.8836 0.8633 0.8046 0.8429 0.9397 0.94500.94500.9450

UIQI(1) 0.5031 0.5355 0.4134 0.4420 0.6151 0.61890.61890.6189

SSIM(1) 0.9157 0.9392 0.9317 0.9214 0.9566 0.96680.96680.9668

ERGAS(0) 1.6210 0.7296 1.4860 1.5730 0.41830.41830.4183 0.4728

SAM(0) 0.0458 0.0539 0.0581 0.0495 0.03040.03040.0304 0.0369

RMSE(0) 0.0132 0.0169 0.0201 0.0123 0.00890.00890.0089 0.0098

Time(0) 2.2710 10.2500 0.06760.06760.0676 0.3699 16.8500 226.7000

performance under ideal conditions, where time is measured

in seconds.). It is clear that NU-NTF significantly outperforms

the benchmark methods when the SNR is relatively low.

However, the price paid is that it is more time-consuming. This

suggests that the algorithm can improve the reconstruction

accuracy of SRI by capturing the detailed features of the image

in a nonlinear unmixing framework. Unfortunately, it is the

presence of its nonlinearity that causes the algorithm to be

relatively computationally cumbersome. For larger SNR, e.g.,

SNR = 20 dB, the performance of NU-NTF is slightly inferior

to the SCLL1 method in some metrics, but still outstanding

compared to other methods.

Fig. 2 shows the performance of the methods in reconstruct-

ing the SRI for the case of SNR = 15 dB, which includes the

reconstruction results for the 35-th band, the corresponding

residual images (i.e., |X:,:,k − X̂:,:,k|, k = 35), and the SAM

maps. As we can see, the reconstructed image by the NU-

NTF is indeed visually closer to the ground-truth SRI, and its

residual map is all smoother than those of the other algorithms

in this band. Moreover, for the SAM maps, the proposed

method is relatively more prominent in its ability to capture

detailed features.

2) Pavia University Dataset: Another real dataset is col-

lected by the ROSIS sensor over Pavia University, Italy [33].
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Fig. 2: SRIs reconstruction for Salinas, the corresponding residual images, and the SAM maps. First row: the reconstructed SRIs for the
35-th band; Second row: the residual images for the 35-th band; Third row: the SAM maps.

TABLE IV: Performance on Pavia University Data. SNR = 10 dB

Performance
Algorithm

CNMF HySure FUSE STEREO SCLL1 NU-NTF

R-SNR(∞) 7.6760 10.8600 13.2700 14.0800 13.5400 14.600014.600014.6000

CC(1) 0.7454 0.8396 0.8657 0.9007 0.8885 0.91820.91820.9182

UIQI(1) 0.4047 0.5125 0.5339 0.6151 0.6218 0.67640.67640.6764

SSIM(1) 0.4147 0.5310 0.6741 0.6643 0.6625 0.78640.78640.7864

ERGAS(0) 1.9900 1.4440 1.1630 1.0210 1.0780 0.95100.95100.9510

SAM(0) 0.3871 0.2542 0.1610 0.1716 0.1653 0.12650.12650.1265

RMSE(0) 0.0855 0.0593 0.0449 0.0409 0.0435 0.03850.03850.0385

Time(0) 44.2700 267.4800 0.85160.85160.8516 7.4010 399.5800 457.5100

TABLE V: Performance on Pavia University Data. SNR = 15 dB

Performance
Algorithm

CNMF HySure FUSE STEREO SCLL1 NU-NTF

R-SNR(∞) 12.6900 17.6300 14.1200 17.1800 17.8400 18.190018.190018.1900

CC(1) 0.8855 0.9541 0.8945 0.9485 0.9552 0.95880.95880.9588

UIQI(1) 0.6005 0.7890 0.6096 0.7396 0.7502 0.78080.78080.7808

SSIM(1) 0.6331 0.8726 0.7367 0.8007 0.8090 0.84460.84460.8446

ERGAS(0) 1.1900 0.6804 1.0370 0.7283 0.6814 0.66200.66200.6620

SAM(0) 0.2252 0.1123 0.1221 0.1261 0.1155 0.10860.10860.1086

RMSE(0) 0.0480 0.0272 0.0408 0.0286 0.0296 0.02550.02550.0255

Time(0) 43.8200 260.5300 0.84920.84920.8492 12.8400 404.3800 465.3200

The entire image comprises 608×336 pixels with 103 spectral

bands. The sizes of HSI and MSI are 608 × 336 × 4 and

152× 84× 103, respectively, and the latter is generated using

QuickBird spectral degradation specification. The number of

endmembers is set similarly to the Salinas dataset experiments.

Tables IV and V show that the NU-NTF generates the best

reconstruction accuracy under different SNRs. Close behind

are SCLL1 and STEREO, which also show good performance,

and both are tensor decomposition based HSR methods. In

terms of runtime performance, the proposed methods consume
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Fig. 3: The R-SNR (dB) reconstructed HSI under different µ, β and
γ1 on the Salinas data.

a significant amount of computational cost. In contrast, the

FUSE is the most efficient algorithm, but its reconstruction

accuracy is severely affected by model mismatch.

3) Parameter Selection: In the proposed NU-NTF algo-

rithm, we set λ = 1 and γ1 = γ2. For the regularization

parameters µ, β and γ1, we reconstruct the HSI (or MSI)

based on the degenerate operations C (or Dw and Dh) and the

SRI generated by the HSR algorithm, which is then adjusted

by the reconstruction accuracy of the HSI (or MSI). As an

example, for the experiments on the Salinas dataset under SNR

= 15 dB, the iteration is terminated when the relative error of

reconstruction between two consecutive iterations of NU-NTF

is less than 10−4 or the number of iterations exceeds 425.

Fig. 3 demonstrates the R-SNR of the reconstructed HSI

for different parameters at SNR = 15 dB. Note that when one

parameter is considered, the other parameters will be fixed

to the “optimal value”. It can be observed that the value

of the parameter β has a slight effect on the reconstruction

accuracy within a certain range. Comparatively, the variation

of the other two parameters causes large fluctuations in the

performance.



V. CONCLUSION

In this work, an NU-NTF method has been proposed to

tackle the HSR problem. Under the framework of nonlinear

unmixing, the SRI is reconstructed by employing a nonnega-

tive tensor decomposition to estimate the potential factors end-

members and abundance maps. The proposed algorithm breaks

through the inherent limitations of the linear unmixing-based

HSR method and has analytical expressions at the iterations for

optimally solving the HSR problem by employing the ADMM

method. Simulated comparison experiments for some real HSI

datasets demonstrate that the NU-NTF performs well in the

vast majority of cases. The adoption of nonlinear unmixing

technique for significantly improving the HSR performance

also increases computational cost. The future research will

devote to the reduction of computational complexity.
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